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Let A,,. . ., A, be a set of vz x n normal matrices. It is known that 
each of the following facts, Nl, N2, N3, implies the other two. 
Nl. There exists a unitary matrix U such that simultaneously each 
of UA,U* is diagonal, 1 < i < k. 
N2. A,Aj = AiAi, for all i and j with 1 ,( i, j < k. 
N3. There exists an ordering of the eigenvalues clli,. . . , ccni of Ai, 
for 1 < i < k, such that for all complex numbers x1,. . . , xt the eigenvalues 
of xlA,+**-+x,A, are ~~ct~~++~*+x~c+; j=l,2,...,n. 
The equivalence of Nl and N2 is well known. Property N3 bears the 
name of property L. The equivalence of N3 and N2 when A,, . . . , A, 
are Hermitian (in this case we may restrict x1,. . . , xii to be real numbers) 
is due to Motzkin and Taussky [5], and when A,, . . . , A, are normal this 
equivalence is due to Wiegmann [14] and Parker [S]. See also Wielandt 
[15] for another discussion of the implication N3 > N2. 
Now let A be an m x n matrix. The singular values of A are by 
definition the common eigenvalues of the positive semidefinite matrices 
(AA*)l” and (A*A)““. (The nonzero eigenvalues of these matrices coincide 
of course, multiplicities included.) We say A is diago#zaZ if all entries of 
A are zero except the entries in the positions (i, i), i = 1, 2,. . . , min(m, s). 
This set of positions is called the main diagofzal in the (rectangular) 
matrix A. It is a well-known fact (due to Autonne [l] for invertible 
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matrices and due to Eckart and Young [2] for general matrices) that 
unitary matrices U and V exist (U is m-square, V is n-square) such that 
UAV is a diagonal matrix with the singular values of A occupying the 
main diagonal of UAV. (Related results may be found in [3, 4, 6, 7, 
9, 12, 16, 18, 191.) 
Now let A,,. . . , A, be a set of m x n matrices. We wish to study 
the singular value counterparts of the properties Nl, N2, N3. Our result 
is the following theorem. 
THEOREM. Let A,, . . . , A, be a set of m x n matrices. Then each of 
the following properties, Sl, S2, S3, implies the other two. 
Sl. There exist unitary matrices U and V (U m-square, V n-square) 
such that all of UA,V are diagonal with nonnegative diagonal entries; 
i= l,...,K. 
S2. All the matrices A,Aj* and Ai*A j are positive semidefinite 
Hermitian; 1 < i, j < k. 
S3. There exists an ordering of the singular values clIi, tczi of A i, 1 < i < k, 
such that for all nonnegative real numbers x1,. . . , xk the singular values of 
x~A, + -. - + %,A, 
are 
XlUjl + ’ * ’ + XkUjk, j=1,2 ,..., min(m,n). 
The property S3 is the singular value analog of property L. 
Proof. Sl 3 S2. This is immediate since, if Sl holds, both A,Aj* 
and A,*A, are unitarily similar to diagonal matrices with nonnegative 
diagonal entries. 
s2 * Sl. The proof of Theorem 1 of [13] adapts without difficulty 
to show that S2 * Sl. See also [lo]. (Other results related to S2 + Sl 
may be found in [2, 11, 171.) 
Sl 3 S3. Obvious. 
S3 * S2. Let B be an m x n matrix with singular values &, . . . , 
fimin(m,n)~ It is a fact, widely known and not difficult to prove, that the 
eigenvalues of 
0 B 
[ I B* 0 
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are &, . . . , &,,incm,nj, - /II,. . . , - &,incm,nj, and zero with multiplicity 
m + n - 2 min(m, n). We wish to show that, if A,, . . . , AR possesses 
the L property for singular values, then the Hermitian matrices 
l<i<k, (1) 
possess a form of the L property for eigenvalues. Let 
A = xlAl + . * - + x,A,, 
where xi,. . . , xk are nonnegative numbers. Then 
[i* :I= &[Aq* Ad]. 
By the L property for singular values, the eigenvalues of 
0 A 
] I A* 0 
may be expressed in terms of the eigenvalues of the matrices (1) in the 
following way (the ordering independent of xi,. . . , xk) : 
Xlc$ + * * * + XkUjk, 1 < j < min(m, a), 
X1(- CCji) + . *. + xk(- CQ), 1 < j < min(m, n), 
X10 + . * * + x,0, m + 12 - 2 min(m, n) times. (2) 
Hence the Hermitian matrices (1) possess the form of the L property 
in which the numbers x1,. . . , xk are constrained to be nonnegative. 
By the result of Motzkin and Taussky [5] (their proof is still valid if 
one is restricted to nonnegative linear combinations), the matrices (1) 
are commutative and simultaneously unitarily diagonalizable. In the 
simultaneous diagonal form the enumeration of the eigenvalues inherited 
from the L property is retained. It thus follows that 
(3) 
are commutative; furthermore the eigenvalues of the product 
[I* $1 [& Agt]= [AS;‘* A&] (*) 
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are the products of the eigenvalues in the ordering indicated by (2): 
ajsajt, 1 < i < min(m, n), 
(- qs)(- aj”), 1 < j < min(m, n), 
(O)(O)* m + 92 - 2 min(m, n) times. 
The commutativity of the product (4) immediately implies that A,A,* = 
A J,* and A,*A, = A,*A,. Hence A,A t* and A,*A, are Hermitian and 
are direct summands of a matrix with nonnegative eigenvalues. Therefore 
A,A,* and A,*A t are nonnegative Hermitian matrices. This completes 
the proof that S3 implies S2. 
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